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It was proved by the present author (see [2], theorem 3) that a Riesz 
space L is hyper-archimedean (i.e., L/A is Archimedean for every ideal 
A in L) if and only if the distributive lattice &p (L) of all principal 
ideals in L, partially ordered by inclusion, is a Boolean ring (and hence 
a Boolean algebra if L has, in addition, a strong unit). Actually, the 
following theorem holds (for the terminology and the notations used we 
refer to [4] ; all Riesz spaces considered in this paper are non-trivial). 
THEOREM 1. In a Riesz space L the following conditions are equivalent. 
(i) L is hyper-archimedean. 
(ii) ,G?~ (L) is a Boolean ring. 
(iii) Every principal ideal in L is a projection band, i.e., L= A, @ AUd 
for all u E L-f-, where A, denotes the principal ideal generated by u. 
(iv) The base sets {P) U ( u E L+) of the hull-kernel topology in the collection 
9 of all proper prime iad in L are open and closed. 
(v) The hull-kernel topology in B is a Hausdorfl topology. 
If L has, in addition, a strong unit, then each of these cona?itimLs is equiva- 
lent to 
(vi) L is Riesz isomorphic to the Riesz space of all step functions with 
respect to a field of subsets of a non-empty point set X. 
For the proof of the equivalence of(i) and (ii) we refer to [2], theorem 3; 
the other equivalences are proved in [4], theorems 37.6 and 37.7. 
The main purpose of this paper is to find characterizations, analogous 
to those of theorem 1, for a Riesz space L for which the distributive 
lattice & (L) of all ideals in L, partially ordered by inclusion, is a Boolean 
algebra. The following conditions are equivalent to this property. 
(a) L=A@Ad f or all ideals A in L, i.e., every ideal in L is a pro- 
jection band. 
(b) A =A@ for all ideals A in L. 
(c) P = Pad for all prime ideals P in L. 
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If L is Archimedean, then each of these conditions is equivalent to 
(d) Every ideal in L is a band. 
If L has a strong unit, then each of the conditions (a), (b) and (c) is 
equivalent to 
(e) J= Jdd for all maximal ideals J in L. 
The proof of these equivalences is routine and is therefore omitted. 
We recall that a non-empty partially ordered set X is said to satisfy 
the descending chain condition if every descending chain in X breaks off 
(is stationary) or, equivalently, if every non-empty subset Y of X has 
a minimal element (i.e., an element of Y not properly containing any 
other element of Y). The notion of the ascending chain condition is 
defined similarly. Before stating the main theorem we first mention a 
result that plays a crucial role in the proof of this theorem: if the 
Archimedean Riesz space L has the property that any system of mutually 
disjoint nonzero elements in L is finite, then L is of finite dimension 
(see [4], ‘theorem 26.10). 
We shall now state and prove the main theorem. 
THEOREM 2. In a R&z space L the following conditions are eqzcivalent. 
(i) Every ideal in L is a projection band. 
(ii) Par every non-empty subset D of L, the set {P}o= u ((P}f, f E D) is 
not only open but also closed in the hull-kernel topology of 9. 
(iii) The hull-kernel topology in B is the discrete topology. 
(iv) L is Archimedean and every principal ideal in L is of finite dimension. 
(v) L is Riesz isomorphic to the Riesx space of all real functions f on 8Ome 
non-empty point set X such that f vanishes OUt8ide an appropriate jinite 
8Ub8et of X, the subset depending on f. 
(vi) L is Archimedean and dp (L) 8atisJies the descending chain condition. 
REMARKS. 1. The proof of the equivalence of (i) and (ii) can be found 
in [4], theorem 37.5. The equivalence of (iv) and (v) was proved in 1967 
by W. A. J. LUXEMBURG and L. C. MOORE (see [3], theorem 7.5 or [4], 
theorem 61.4). In [3] it is also proved that each of the conditions of 
theorem 2 is equivalent to 
(vii) L is uniformly complete and hyper-archimedean. 
(viii) L is super Dedekind complete and hyper-archimedean. 
2. Observe that condition (i) implies that L is hyper-archimedean. 
An immediate consequence of the equivalence of (i) and (vi) is that every 
ideal in the Riesz space L is a projection band if and only if L is hyper- 
archimedean (i.e., &r (L) is a Boolean ring) and dP (L) satisfies the 
descending chain condition. There exists a similar equivalence for dis- 
tributive lattices with smallest element. Indeed, it is stated in [l], 
section 7, exercise 34, that in a distributive lattice X with smallest element 
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A = Am holds for all ideals A in X (equivalently, X = A V Ad for all ideals 
A in X) if and only if X is a Boolean ring and satisfies the descending 
chain condition. Each of these conditions is also equivalent to the con- 
dition that the hull-kernel topology in the collection of all proper prime 
ideals in X is the discrete topology. 
3. The equivalence of conditions (i) and (iv) implies that in an 
Archimedean Riesz space every ideal is a band if and only if every system 
of mutually disjoint nonzero positive elements which is bounded from 
above is finite (cf. theorem 29.3 of [4]). 
4. It follows immediately from theorem 2 that if L is an Archimedean 
Riesz space with a strong unit and .G&‘~ (L) satisfies the descending chain 
condition, then L is of ilnite dimension. Note that if L is Archimedean 
and JalP (L) satisfies the ascending chain condition, then L is also of 
finite dimension. Indeed, if L were not of finite dimension, there would 
exist (by theorem 26.10 of [a]) a countable system (v~: n= 1, 2, . ..) in L 
of nonzero mutually disjoint positive elements. This however would 
imply that 
A,, 5 Avl+v2 5 . . . 5 &,+v,+...+v,, $ . . . , 
which is contradictory to the fact that J&‘~ (L) satisfies the ascending 
chain condition. 
PROOF OF THEOREM 2. (ii) =+ (iii). If 0 is an open subset of B, then 
0 = (P>4 for some ideal A in L. More precisely, 
It follows that every open subset of B is closed, so every closed subset 
of B is also open. Since (i) (and hence (ii)) imply that L is hyper-archi- 
medean, it follows from theorem 1 that the hull-kernel topology in B 
is a Ti-topology, i.e., every point of B is closed. Hence, every point of 
B is open, so the hull-kernel topology in B is the discrete topology. 
(iii) =+ (ii). Obvious. 
(i) =+ (iv). Since (i) implies that L is hyper-archimedean, L is Archi- 
medean. Suppose now that for some u E L+ the principal ideal A, is not 
of finite dimension. By theorem 26.10 of [4], there exists a sequence 
(vn: n=l, 2, . ..) o nonzero mutually disjoint positive elements in A,. f 
Let A be the ideal generated by (v,, : n= 1, 2, . ..). By hypothesis, u has 
a decomposition 
u=wu+z, O<WEA, O<ZEA~. 
Therefore, z 1 vn for all n. Now w E A implies 
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for appropriate positive real numbers 011,012, . . . , 011: and appropriate 
natural numbers ni, nz, . . . . nk. If n is a natural number such that n#ni, 
122, . . . . nk, then 
and hence vn J- w. Combining this with v,, J- z for all n, we get vn 1 u 
(n#nl, 122, . . . . nk). But then it follows from 21% E A, that Vn= 0 (n #ni, 
122, . . . . nk), a contradiction. Therefore, A U is of finite dimension for all 
UELf. 
(iv) +- (v). For the proof of this implication we refer to [3], theorem 
7.5 or [a], theorem 61.4. 
(v) + (i). Let M be the Riesz space of all real functions f on some 
non-empty point set X such that f vanishes in all but a finite number 
of points of X or f vanishes everywhere on X. We have to prove that 
M= A @ A” for all ideals A in M. Let A be a non-trivial ideal in M 
and define the support of A by 
supp(A)=(~:z~X, f(z)#O for at least one /GA). 
Take an arbitrary g E M and assume that g&i) # 0, g(xa) # 0, . . ., g(z,,) # 0 
and g(z) = 0 elsewhere on X. Suppose that ~1~52, . . ., xP are elements of 
supp (A) and that ~+l, . . . , xn do not belong to supp (A). Define h, k E M 
as follows: 
h(x*)=g(Q) i=l, ..*, p, h(x) =0 elsewhere 
k(xt)=g(xt) i=p+l, ,.., n, /c(x)=0 elsewhere. 
It is easily proved that h E A and k E Ad, so every g E M has a decompo- 
sition 
g=h+k, hcA, k~Ad, 
i.e., dl=A @Ad. 
(iv) =z- (vi). Obvious. 
(vi) * (iv). The author wishes to express his gratitude to A. R. Schep 
for his helpful suggestions in the proof of this implication. We need only 
prove that every principal ideal in L is of finite dimension. Suppose on 
the contrary that A, is not of finite dimension for some u E L+. Once 
more by theorem 26.10 of [4], there exists a sequence (v, : n= 1, 2, . ..) 
in A, of nonzero mutually disjoint positive elements. For n fixed the set 
of numbers (01: orv,,<u) is non-empty and bounded from above (indeed, 
if this set were unbounded, we would have 0 < kvn Q u for k = 1, 2, . . ., 
which is impossible in an Archimedean space). Let, for n= 1, 2, . .., 
&a= SUP (01: W&<U). 
Then or,,v,, < u (n= 1, 2, . . .). This inequality is again an immediate conse- 
quence of the fact that L is Archimedean. Writing wn = anun (n = 1, 2, . . .) 
3 Indagationes 
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we have O<w,,<u and (w,: n= 1, 2, . ..) is also a sequence of nonzero 
mutually disjoint positive elements in A,. Note that, by the definition 
ofa,,forevery~~O,theinequality(1+~)w,~zldoesnothold(n=1,2, . ..). 
Since the elements w,, are mutually disjoint we have 
sup (WI, w2, . . . . W,)=WI+WZ+ . . . +w,<u (n= 1, 2, . ..). 
and therefore 
u>ul-wl>u-(Wl+toz)>...>21-(w~+WfJ+...+wn)>... 4 >o. 
Hence, 
A, 1 &-to, 1 Au-(wl+w~ 3 . . . 3 Au-(wl+w2+...+wn, 3 . . . . 
We assert that all these inclusions are proper. Indeed, wi E A,, and 
wi $ A,-,, (for, if wi would be a member of Au-,,,l, there would exist 
/? > 0 such that 0 < wi < /?(u - WI), so 0 < (1 + @-i)wl< u, which is impossible). 
Generally, 
wn+l E 4-(q+t+. . .+wd 
(since Ocwn+l<u-(w+wa+...+wn)) and 
Wn+l 4 Au-(q+ioe+...+ro,+l) 
(since otherwise there would exist B>O such that 
O<Wn+l<p(U-(wI+W2+ . . . +Wn+l)), 
so 
which is contradictory to the definition of wn+i). Summarizing, we get 
a chain 
Au 2 Au-, ? &-(wl+w~ 2 . . . 2 A,-(wl+w~+...+ 2 . . . 
in .&r (L) that does not break off. This however contradicts the fact that 
&r (L) satisfies the descending chain condition. It follows that every 
principal ideal A, (U E L+) is of finite dimension and the proof is complete. 
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